Abstract: On the basis of Euler-Bernoulli beam theory, surface elastic theory, the strain equivalent assumption and modi ed couple stress theory, the nonlinear governing equations of the nano-beam are derived. In addition, the Galerkin method and the Harmonic Balance Method are adopted so as to give a solution to the equations. In the example, the e ects of nano-beam length, nano-beam thickness, damage factor and surface e ect to curves of amplitude-frequency response of the nano-beam are discussed. The results show that damage e ects should be taken into consideration and the frequency can be controlled by load and structure size of nano-beam.
Introduction
At the end of the last century, Nano-Electromechanical System has come to light. NEMS is a class of system that is physically small, with dimensions in the range of nanometre 1 to 100 nanometre. Because of NEMS's size is so small that the system has some new e ects, such as size e ect and surface e ect. In view of these e ects, the mechanical properties of NEMS have always been a hot topic for the foreign and domestic scholars. Gurtin [1, 2] has advanced a new model. In this model, the structure of surface and body are composed of two entirely di erent materials. Suppose the surface is a lm what haven't thickness, the model can be used to consider surface e ect of nano-structure. Yang [3] has proposed a new theory called the modi ed couple stress theory which is based on the couple stress theory [4] . In the new theory, Yang stated that rotation gradient tensor and strain tensor constitute the strain energy density function. Through analyzing the in uence of surface energy on the bucking of nanowires under uniaxial compression, Wang and Feng [5] have derived an analytical solution for the critical load with surface e ects. In order to study the surface e ect that Batra [6] has studied the free vibration of micro-beam. Liang [7] has analyzed the e ect of di ered bond length and bond energy on micro-beam. In addition, the surface e ects on buckling of nanowires under uniaxial compression has been studied by Mestrom [8] . In Berhrooz's paper [9] , the following conclusions are reached in this investigation about the surface e ects on nanotube's natural frequency vibration modeled as Timoshenko beam. Lee [10] has considered the surface e ects and small scale e ects when study vibration analysis of a nonuniform nano-beam. Yan and Jiang [11] have considered surface e ect in their research. Moreover, having taken the small scale e ect into account, the mechanical behaviors of microtubules is studied by introducing the nonlocal Timoshenko beam theory [12] . Buckling, as well as vibration of nanoplates such as single layered graphene sheets, is investigated through the application of nonlocal elasticity theory [13] . The dynamic behavior of embedded DWCNTs has been investigated on the basis of the nonlocal Euler-Bernoulli beam theory due to the nonlinear interlayer vdW force [14] . The model can be used to consider size e ect of nanostructure. Nonlinear vibration characteristics of a nano-beam were studied taking the nonlocal e ect into account [15] . Lin [16] has studied the mechanical property of MoS2, the early part of this study was focused on size e ect and surfaces e ect. Finally, nonlinear oscillations of nano-beam including damage which needs further research.
In this research, a continuum model which is based on the strain equivalent assumption, microtubules, and the modi ed couple stress theory has been developed for nano-beam that are considered as a Euler-Bernoulli beam. The impact of nano-length, nano-thickness, damage factor and surface e ect to amplitude-frequency response is also studied.
Formulation of Theory
On the basis of Euler-Bernoulli beam theory, the displacement eld can be demonstrated as follows:
where ε(x, z, t) is the strain of the beam at position X. On the basis of Euler-Bernoulli beam theory, the stress-strain relationship of the nano-beam which considers geometric nonlinearity can be shown to be as follows:
The stress-strain relationship of the isotropic beam is
where the parameter λ and µ are lame constant, ν is Poisson's ratio.
According to the Gurtin's theory, the constitutive relation of surface layer is
where τ is surface residual stress, E is the surface of the elastic constants, τnx is the surface residual stress in the direction of n, un is the surface layer's displacement in the direction of n.
In the strain equivalent assumption the stress tensor is assumed to have the form
where E is Young's modulus, and D is damage factor According to Yan [11] , the stress (σ ij ) and the couple stress (m ij ) are related the strain energy function as
The strain tensor (ε ij ), curvature tensor (χ ij ), stress tensor (σ ij ), as well as couple stress tensor (m ij ) are given as follows
The displacement vector (u i ) and gyration vector (θ i ) are
where the e ijk is replacement of tensor. According to the Lu's theory [17] , the stress (σzz) component is
Substituting Eqs. 1 and 11 into 8, we obtain
Substituting Eqs. 1, 7, 12 and 13 into 9, 10, we obtain
It is known that principle of Hamilton can be shown to be as follow
The kinetic energy of nano-beam is
where ρ is density of body, ρ is the density of surface. The load of potential energy of forces which is applied to the nano-beam is de ned as
Where
The strain energy of nano-beam by the surface energy (U ) and strain energy by modi ed couple stress (U ) is de ned as
Then, substituting Eqs. 17-20 into Eq.16, we obtain
Performing some algebraic manipulation, we obtain
where dimensionless parameter are de ned as follows
where
The dimensionless governing motion equations for geometrically nonlinear nano-beam is
The dimensionless boundary conditions of beam are given
The solution of Eq. 25 can be written as
Solve the equation by using Galerkin method. We obtain
Solutions and Analysis
Here in, the reported nano-beam parameters are used:
.
Free vibration analysis
The Eq. 27 can be reduced to
General solution of Eq. 29 can be written as
where β = D r D r + r A is much less than A , so the Eq. 30 can be reduced to
In Figs. 1-2 and Table 1 -3, the numerical results of free vibrating nano-beam are demonstrated. It can be seen from Fig. 1 that with the increase of the nano-beam length L, the frequency ratio and a given in phase vibration amplitude decrease. In Figs. 2, the damage variable has some e ect to nano-beam. The larger the damage variable is, the lower of the frequency ratios becomes. It can be found from Table 1 -3 that the surface e ect will change the frequency of the nano-beam. The surface of the elastic modulus is greater than 0, the surface e ect can increase the frequency of the nano-beam. The surface of the elastic modulus is less than 0, the surface e ect can decrease the frequency of the nano-beam. 
. Forced vibration analysis
Adopting the harmonic balance method to solve the equations, the general solution of Eq. 27 can be written as 
It can be indicated from Fig. 3 that the curve of amplitudefrequency response is crossed at damping factor C = . . It can be known from Figs. 4 and 5 that the curve of amplitude-frequency response shifts from the lower frequency to the higher frequency with the increase of the nano-beam length and load.
Moreover, Fig. 6 indicates that with the increase of the damage variable, the curve of amplitude-frequency response moves up. 
Conclusion
In the present study, the governing motion equations for geometrically nonlinear nano-beam are derived on the basis of Euler-Bernoulli beam theory, surface elastic theory, the strain equivalent assumption, as well as the modied couple stress theory. Meanwhile, Galerkin method and Harmonic Balance Method are adopted in the study so as to solve these equations. Results are demonstrated and discussed regarding di erent parameters and lengths of the beam. The results show that damage e ect should be taken into consideration and the frequency can be controlled by load and structure size of nano-beam.
